YM® — Bagauu [Hrypma-JInysumnsg — I

3agaun IIrypma-JInyBuiiig B mpocTeiiimeM ciryvae

1. I poga cieBa — I poga cmpasa.

Pemurs 3amaay [typma-/InyBusis ¢ KpaeBbiMu ycsioBusgmu [-ro poja:

X"(z) + XX (z) =0,
{mmzxm:a (1.1)

Ob6miee perrerne ypasaennst X' (x) + AX(z) = 0 umeer Bus

X(z) = ey sin(VA ) + ¢5 cos(V A z) npu A > 0;
X(z) = c1e¥ AT 4 cpemV AT mpu A < 0;
X(z) =1+ co upu A = 0;

e TIpu A > 0 mmeem u3 kpaesoro ycaosus X (0) = 0, ato ¢; = 0, = X(x) = ¢;sin(vAz).
Iostomy u3 Broporo kpaesoro yeaosus X (1) = 0 momydaen, ato VAl = 7n OTKy/Ia HMeeM
OeCKOHEeYHOEe MHOYKECTBO COOCTBEHHBIX umces 3aja4dn [rypma—/Inysumis:

2n?

WM cooTBeTCTBYEeT OECKOHEYHOE MHOXKECTBO COOCTBEHHBIX (DYHKITHIL:

. (TNhX

X, (x) = sin <T> : n € N.

e ITpu A\ < 0 umeem u3 xkpaesoro yciaosusa X (0) =0, uro ¢ = —¢;, = X(r) =2c;shv—\z.
[Tosromy u3 Broporo Kpaesoro yciaosus X (1) = 0 moaygaem, aro ¢; = 0, .e. 3agaga [Hrypma—
JImyBUIIS He MMeeT OTPHUIATETHHBIX COOCTBEHHBIX UNCE]T.

e IIpu A = 0 umeem u3 Kpaesoro yciosusg X (0) =0, 4ro ¢ =0, = X(x) = ;2. [losTomy u3
Broporo Kpaesoro ycyosus X (1) = 0 momydaem, aro ¢; = 0, T.e. 3amada [rypma—/Inysumis
He nMeeT COOCTBEHHOIO YHCJIa, DABHOTO HYJIIO.

I/ITaK, MBI IMeeM OeCKOHeYHOe MHOXKECTBO HEeTPpUBHUAJIbHBIX peIHeHI/Iﬁ

. mnr
M= X@Q:m%jr» neN (1.2)

sagaqn (1.1).

2. II poga caeBa — Il poaga copasa.

Pemure 3amaqy [typma-JInysusia ¢ kpaesbimu ycsousmu 1I-ro posa:

{ X"(x) + AX(z) =0,
X'(0) = X'(I) = 0.

Ob6miee perrerne ypasaernst X' (x) + AX(z) = 0 umeer Buj
X(x) = ¢ sin(VA ) + ¢3 cos(VAz) upu A > 0;

X(z) = c1eV A 4 e VAT npu A < 0;
X(x)=cz+ ey upu A = 0;
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e TIpu A > 0 mmeem u3 kpaesoro yeaous X' (0) =0, aro ¢; =0, = X (z) = cycos(vVAz) =
X'(z) = —eav/Asin(v/A z). Hostomy u3 Broporo kpaesoro yemosust X' (1) = 0 mosydaen, 4To
VAl = 7k orKyga nMeer GeCKOHEUHOE MHOXKECTBO COOCTBEHHBIX wmces 3ajadn 1IITypma—

JImyBuiLs:
™ 2
)\n = <T> > n € N.

Nwm cooTBeTcTByeT GeCKOHEYHOE MHOYKECTBO COOCTBEHHBIX (DYHKITHI:

Xn(z) = %COS (WTM> , n € N.

(MHO}KI/ITGJH) % IIOABJIACTCHA, 4TOOBI CUCTEMa, 3TUX (byHKHI/IIL/'I IIpeBpaTujiaCb U3 OpTOFOHaJII)HOﬂ

B OPTOHOPMUPOBAHHYIO )

o ITpu A < 0 mmeem u3 kpaesoro yeiosust X'(0) = 0,9ro ¢y = ¢, = X(x) =2¢;chv -z =
X'(z) = 2¢1vV/—Ash(v—Ax). Ilosromy u3 Broporo kpaesoro yeiaosus X'(1) = 0 moxydaem,
gro ¢; = 0, T.e. 3ama4da [Irypma—/IuyBuuigd He uMeeT OTPHUIATETBHBIX COOCTBEHHDBIX YUCE.

e IIpu A = 0 mmeem u3 Kpaesoro yciaoBust X'(0) = 0, uro ¢; = 0, = X (x) = co. Bro-
poe kpaesoe yciosue X'(1) = 0 Bbimosaeno, nosromy 3ajaada lrypma—/luysussa (77)—(77)
rMeeT COOCTBEHHOE YnC/I0, paBHOe Hyo: A\g = 0. Emy coorBercTByer cobcTBeHHast DyHKUILS

1
Urak, Mbl nMeeM GeCKOHEIHOEe MHOYKECTBO HETPHBUAJIBHBIX PEIeHui
T2 TNT

=0, Xo(z)=1; N\, = (T) , X,(z) = cos <T> , neN (2.2)

zagaan (2.1).

3. I pona caeBa — 11 pona cupasa.

Permuts 3amaay Itypma-Jluysmiis ¢ KpaeBbiM ycioBuem I-ro pojia Ha JieBoM KoIle orpeska [0, (]
u II-ro poma — Ha mpaBom:

{ X/(2) + AX(z) = 0, 51)

X(0)=X'(l)=0.
Ob1mee perenne ypasuenns X" (z) + AX(z) = 0 umeer Buj

X(z) = ey sin(VA ) + ¢ cos(VA ) npu A > 0;
X(x) = creV A 4 gpemV e upu A < 0;
X(z) =c1x+ o upu A = 0;

e TIpu A > 0 umeem u3 xpacsoro yeaosus X (0) =0, uto ¢; =0, = X(2) = ¢;sin(vAz) =
X'(z) = e1v/Acos(v/Ax). TlosTomy u3 Broporo kpaesoro yeosus X'(1) = 0 mosyaaem, aTo
VAl =7k — I oTKya mveem 6ECKOHETHOE MHOKECTBO COOCTBEHHBIX Ticest 3a1aqm LITypuya—

_ (7m(2n—1) 2
NEET

N cooTBeTcTBYeT GECKOHEYHOE MHOXKECTBO COOCTBEHHBIX (DYHKITHIL:

X, (z) = cos <W) ., neN.

JInyBusis:
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e IIpu A < 0 mmeem u3 kpaesoro yesosust X (0) = 0, uto ¢y = —¢o, = X(z) =2¢;shv—-Az =
X'(z) = 2¢1vV/—Ach(v/—=Az). Ilosromy u3 Broporo kpaeporo yciaosus X'(1) = 0 noxyaaem,
aro ¢; = 0, r.e. 3aga4a [Irypma—/InyBusiis He nMeeT OTPUIATEIBHBIX COOCTBEHHBIX UHCEII.

e Ilpu A = 0 umeem u3 kpaesoro yciosust X (0) = 0, aro ¢ = 0, = X (z) = c;x. Bropoe
kpaesoe yciosue X'(1) = 0 osnauaer Tora, aro ¢; = 0, mosromy 3amada [rypma—/Inysumis
(3.1) He uMeer COBCTBEHHOIO YHCTIA, PABHOTO HYJIIO.

Nrak, Mbl nMeeM O€CKOHEYHOE MHOXKECTBO HETPUBHUAJIHLHBIX PEIeHMi

An = (%)2 X, (2) = sin (W) , neN (3.2)

sazaan (3.1).

4. II pona caeBa — I poma copasa.

Permuts 3a7aay Hrypma-JInysuiis ¢ kpaesbiM yeiaosueM 11-ro posga Ha sieBom KomIie orpeska [0, (]
u [-ro poja — Ha TIpaBOM:

X(0) = X'(I) = 0. (4.1)

Ob6miee perrerne ypasaerust X (x) + AX(z) = 0 umeer Buj

{ X" (z) + A\X(z) =0,

X(z) = e sin(VA ) + ¢ cos(VA ) upu A > 0;
X(z) = eV 4 e VAT npu A < 0;
X(z) =z + e upu A = 0;

e TIpu A > 0 mmeem u3 Kpaesoro yciosusa X' (0) = 0, aro ¢; = 0, = X(z) = cycos(vAz).
TTosToMy 13 BTOpPOro Kpaesoro yeiosust X (p) = 0 momydaem, ato VAp = (— % + k) OTKY/1a
nMeeM OeCKOHETHOe MHOYKECTBO COOCTBeHHBIX wmcest 3aaaun [ rypma—J/Inysums:

m(2k —1)\°

Me=|—7]|, ke N. 4.2
= (M) (4.2
Nwm coorBeTcTByeT G€CKOHETHOE MHOYKECTBO COOCTBEHHBIX (DYHKITHUIL:

w(2k — 1)

k e N. 4.3
). ke (4.3

(1) = cos

e IIpu A < 0 mmeem u3 kpaesoro yeiaosug X'(0) = 0, uro ¢; = ¢o, = X(z) =2¢;chv—-\z.
[Tosromy u3 Broporo Kpaesoro yciaosust X (p) = 0 nmosydaem, aro ¢; = 0, r.e. 3aga4a HlTypma—
JInyBujuIsl He MMeeT HeTPUBHAJBHBIX pernenuit npu A < 0.

e IIpu A = 0 nmeem u3 kpaesoro ycnosusa X'(0) =0, uro ¢; =0, = X(z) = co. [losromy u3
BTOpOro Kpaesoro ycyiosus X (p) = 0 nosygaem, uro c; = 0, r.e. 3amaga Hlrypma—/luysusis
HE UMeeT HeTPUBUAJIBHBIX pernenuit npu A = 0.

Urax, Mbl iMeeM GECKOHEUHOE MHOXKECTBO HETPUBHAJBHBIX PEIleHui
2k —1)\° 2k — 1
A = <7T(2—p)) , Xg(z) = cos (W(z—p)z) , keN (4.4)
sajaan (4.1).
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5. I poga cineBa — III poaa copasa.

Permnrs 3anaay [Itypma-JTuysuiis ¢ KpaeBbiM ycioBueM I-ro pojia Ha JieBoM KoHIle orpeska [0, (]
u III-ro poga — Ha npasowm:

X" () + AX(2) = 0,
{ ) -

X(0)=X'(I)+hX(l)=0, h > 0.
Ob6miee perrerne ypasaernst X' (x) + AX(z) = 0 umeer Buj
X(z) = ersin(VAx) + cpcos(VAz)  mpu A > 0;

X(x) = c1eV AT o pem VAT npu A < 0;
X(x)=cx+cy upu A\ = 0;

e IIpu A > 0 u3 kpaesoro ycyosust X (0) = 0 ciemyer, 9To
=0, = X)) =c¢sin(VAz) = X'(z)=cVAicos(VAz).

ITosromy u3 Broporo Kpaesoro yeaosus X'(1) 4+ hX (1) = 0 momywqaem, aro v/A cos(vVA1) +
hsin(v/A1) = 0, orkyma (09eBUIHO, KOCHHYC He MOKET OBITH DABEH HYJIO, T.K. TOLIA CHHYC
paBHsiics Obl (1), u paBeHCTBO He ObLIO OBl BBIIOJIHEHO )

VA = —htg(VA1)

9TO ypaBHEHHe, KaK JIeTKO YBUJETb U3 rpaduka, nMeer OECKOHEIHO MHOIO PeITeHui A,
n € N. Camu 3T pereHus SBHbIM 00pa30M BBIITUCATD HEJIb3s, HO JTI000€ MOYKET OBITH HailIeHO
€O CKOJIb YTOJTHO OOJIBIITON TOYHOCTHIO YncieHHO. MbI BX nCKaTh He Oy1eM, yI0BIeTBOPUBIINCD
3HaHUEM, 9TO OHU €CTb, U UX MO2KHO HaNTH.

Takum obpaszoM, cyrecTByeT 6€CKOHETHOEe MHOXKECTBO COOCTBEHHBIX unces 3aaaqu [Typma—
JlmyBus:

A >0 —  perrenus ypaBHCHHS VA = —htg(VAD), n € N.

WM cooTBeTcTBYeT OECKOHEYHOE MHOXKECTBO COOCTBEHHBIX (DYHKITHIL:
X, (x) = sin <\/)\nx> : n € N.

e [Ipu )\ < 0 3aymava [Mrypma—/InyBuiig HUKOrIa He UMEET HETPUBUAJILHBIX PEIeHMi.

e Ilpu A\ = 0 mmeem u3 Kpaesoro yciaoBusg X(0) = 0, uro ¢o = 0, = X(z) = c;x =
X'(z) = ¢1), u Bropoe Kpaesoe yciaosue X'(l) + hX(l) = 0 maér tpebosanue ¢; + ¢l = 0,
otkyza ¢; = 0, u y JaHHOH 3a/1a91 HEeT HeTPUBUATBHBIX pereHnuii npu A = 0.

Urak, Mbl MeeM GeCKOHEUHOEe MHOYKECTBO HETPHBUAJIBHBIX DeIleHui
Ap >0 — pemenns ypasrenus VA = —htg(VALD),  X,(z)=sin <\/)\n :L‘) , neN (5.2)

sagaqn (5.1).
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6. II poaga caesa — III pona crpasa.

Permuts 3a7a4ay rypma-JInysusis ¢ kpaesbiM yeiaosuem 11-ro posa Ha JieBom Koniie orpeska [0, (]
u III-ro poga — Ha npasowm:

{ X"(z) + XX (z) =0, (6.1)

X'(0) = X'(I) + hX(l) = 0, h > 0.
Ob6miee perrerne ypasaernst X' (x) + AX(z) = 0 umeer Buj

X(z) = ersin(VAx) + cpcos(VAz)  mpu A > 0;
X(z) = c1e¥ " 4 eV pu A < 0;
X(x)=cx+cy upu A\ = 0;

e [Ipu A > 0 umeem
X'(z) = VA cos(VA ) — eaV/Asin(VA z)

U u3 xpaesoro ycaosmst X'(0) = 0 cuemyer, uro ¢; = 0, = X (z) = cycos(vVAz) =
X'(z) = —cyv/Asin(v/Az). Iostomy u3 Broporo xpaesoro yeaosus X' (1) + hX (1) = 0 mo-
aygaen, ato —v/\ sin(v/A1) + hcos(vVA1) = 0, orkyza (04eBHIHO, KOCHHYC He MOKET GbITh
paBeH HyJIi0, T.K. TOIJIa CHHYC paBHssICs Obl (£1), n paBeHCTBO He GbLIO ObI BBIIOJIHEHO)

VA tg(VAL) = h

OTO ypaBHEHUE, KaK JIeTKO YBUJETbh u3 rpaduka, nveer OECKOHEYHO MHOIO DPEIIeHuil A,
n € N. Camu 3Tu perieHnst SBHbIM 00pa30M BBIIIUCATH HEJIb3sI, HO JTI000€ MOKEeT OBITh HailIeHO
€O CKOJIb YT'OJTHO OOJIBINOH TOYHOCTBIO YUCIeHHO. MBI X NCKATh He Oy/1eM, YI0BJIETBOPUBIINCH
3HAHWEM, UTO OHU €CTh, U X MOYKHO HailTH.

Taxum obpazoMm, cyIiecTByeT 6ECKOHETHOE MHOZKECTBO COOCTBEHHBIX unces 3aga4un [IItypma—
JImyBuLIS:

A, >0 —  pemeHus ypaBHEHUsI vV An tg(V/ A l) = h, n € N.

M coorBercTByeT GECKOHETHOE MHOXKECTBO COOCTBEHHBIX (DYHKIIMIA:
X, (x) = cos (\/)\n x) : n € N.

e [Ipu A\ < 0 3azaga [Mlrypma—/IuyBuiig HEKOrIa HE UMEET HETPUBHAJILHBIX PEITEeHMUIA.

e IIpu A = 0 mmeem u3 kpaesoro yciaoust X' (0) =0, atoc; =0, = X(z)=c = X'(z)=
0), u Bropoe kpaesoe yciosue X'(1) +hX (I) = 0 naér tpeboBanue ¢y = 0, T.e. JaHHAS 3372494
[Mrypma—/Inysumig mpu A = 0 Takke He UMeeT HETPUBUAJIBHBIX PEIICHUI.

Nrak, Mbl nMeeM O€CKOHEYHOE MHOXKECTBO HETPUBHUAJILHBIX PEIeHM

A, >0 — pemenus ypasuenus /A, tg(v/ A l) = h, X, (z) = cos <\/)\—nx> , neN (6.2)

sazaan (6.1).
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7. 1II pona caeBa — I poaa copasa.

Pemure 3amagy Illtypma-J/InyBusisa ¢ kpaeBbiM ycioBueM lII-ro poga Ha JieBoM KOHIlE OTpe3Ka
[0, {] u I-ro poma — Ha npaBoM:

{ X"(z) + XX (z) =0,

X(0) = hX(0) = X()) =0,  h>0. (7.1)

Ob6mmee permenne ypasuenns X" (z) + AX(z) = 0 umeer Bu

X(z) = ersin(VAz) + cpcos(VAz)  mpu A > 0;
X(z) = c1eV 7 4 e VAT upu A < 0;
X(z) =z + e upu A = 0;

e [Ipu A > 0 umeem
X'(z) = VA cos(VA ) — eaV/Asin(VA z)

U u3 xpaesoro yciosust X'(0) + hX(0) = 0 caemyer, aro

\/X01_hC2:O = \/—:h9
C1
C zspyroit cTopoHsl, u3 Broporo kpaesoro ycjosust X (1) = 0 mosydaem, 4ro
¢y sin(VAD) + cacos(VAD) =0 = 2 _ —tg(VAD).
C1

N3 aByx mocjeIHUX PaBEeHCTB, HAKOHEI, IT0JIyIaeM:
VA = —htg(VAD), VAer — hey = 0.

Vpasuenne VA = —h tg(\/Xl), KaK JIETKO yBUJIETh U3 I'paduKa, nMeer OECKOHETHO MHOI'O
perttennit \,, n € N. Camu 9Tu pererust sBHbIM 00PAa30M BBIIIUCATH HEJIB3sI, HO JII000E MOXKET
OBITh HaiiJIEHO CO CKOJIb YI'OJHO OOJIBINON TOYHOCTHIO YUC/IeHHO. Mbl UX UCKaTh He OyiaeM,
V/IOBJIETBOPUBIINCH 3HAHWEM, 9TO OHU €CTh, U UX MOKHO HailTH.

Takum obpazoM, cyIecTByeT OeCKOHEUHOe MHOYKECTBO COOCTBEHHBIX dmcest 3aja4n [Irypma—
JImyBusIs:

A >0 —  pereHus ypaBHeHH VA = —htg(VAD), n € N.

N cooTBeTCTBYEeT OECKOHEYHOE MHOXKECTBO COOCTBEHHBIX (DYHKITHIL:
Xo(@) = hsin (Vo) +VA-cos (VAz),  neN.

e [Ipu A < 0 3agaua [rypma—/IuyBusiis HUKOT/1a HEe UMEET HETPUBUABHDBIX PEIICHUI.

e Ilpu A = 0 umeem u3 kpaesoro yciaouss X'(0) — hX(0) = 0, uto ¢; — hey = 0, =
X(z) = ca(hx + 1), n Bropoe kpaesoe yciosue X (1) = 0 maér tpebosamnue co(hl + 1) = 0.
Orcrofa ¢o = ¢; = 0 (mockosbKy hl > 0 110 yCJI0BHIO 3a/1a4n), U Y JAHHON 3a/1a9i HETPUBU-
aJIbHBIX pellleHuii, coorsercrByomux A = 0 Her.

Nrak, Mbl nMeeM OECKOHEYHOE MHOXKECTBO HETPUBHAJIHHBIX PEIICHUI

{ A >0 — pemtenns ypasuenus VA = —htg(v/Al),

Xo(z) = hsin (VA, z) + V- cos (Vanz), neN (7.2)

sajaan (7.1).
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8. III pona ciaesa — 1l pona cipasa.

Pemure 3amagy Illtypma-J/InyBusisa ¢ kpaeBbiM ycioBueM lII-ro poga Ha JieBoM KOHIlE OTpe3Ka
[0, {] u II-ro posa — Ha npaBoM:

{ X"(z) + \X(x) = 0,

X'(0) = hX(0) =X'(l) =0,  h>0. (8.1)

Ob6mmee permenne ypasuenns X (z) + AX(z) = 0 umeer Bu

X(z) = ersin(VAz) + cpcos(VAz)  mpu A > 0;
X(z) = c1eV 7 4 e VAT upu A < 0;
X(z) =z + e upu A = 0;

e [Ipu A > 0 umeem
X'(z) = VA cos(VA ) — eaV/Asin(VA z)

U u3 xpaesoro yciosust X'(0) + hX(0) = 0 caemyer, aro

\/X01_hC2:O = \/—:h9
G
C zpyroit cTOpOHBI, 13 BTOporo Kpaesoro yciaosus X' (1) = 0 mosydaem, 91o
¢ cos(VAL) — eosin(VA) =0 = e _ ctg(VAD).
&1

N3 aByx mocjeIHUX PaBEeHCTB, HAKOHEI, I10JIyIaeM:
VA = hetg(VAD), Ve = hes.

Vpasuenue vV = hctg(\/Xl), KaK JIETKO YBHUJIETh 13 rpadura, uMeeT O€CKOHEYHO MHOI'O
perttennit \,, n € N. Camu 9Tu pererust sBHbIM 00PAa30M BBIIIUCATH HEJIB3sI, HO JII000E MOXKET
OBITh HafJIEHO CO CKOJIb YI'OJHO OOJIBINON TOYHOCTHIO YUC/IeHHO. Mbl UX UCKaTbh He OyaeM,
V/IOBJIETBOPUBINNCH 3HAHWEM, 9TO OHU €CTh, U UX MOKHO HailTH.

Taxum obpazoMm, CyIiecTByeT 6ECKOHETHOE MHOZKECTBO COOCTBEHHBIX unces 3aga4un [IItypma—
JImyBusis:

A >0 — pemenus ypaBHeHHs VA = hetg(VAD), n € N.

N cooTBeTCTBYEeT OECKOHEYHOE MHOXKECTBO COOCTBEHHBIX (DYHKITHIL:
Xo(@) = hsin (Vo) +VA-cos (VAz),  neN.

e [Ipu A < 0 3agaua [rypma—/IuyBusiis HUKOT/1a HEe UMEET HETPUBUABHDBIX PEIICHUI.

e Ilpu A = 0 umeem u3 kpaesoro yciaouss X'(0) — hX(0) = 0, uto ¢; — hey = 0, =
X(z) = ca(hx + 1), n Bropoe kpaesoe yciosue X (1) = 0 maér tpebosamnue co(hl + 1) = 0.
Orcrofa ¢o = ¢; = 0 (mockosbKy hl > 0 110 yCJI0BHIO 3a/1a4n), U Y JAHHON 3a/1a9i HETPUBU-
aJIbHBIX pellleHuii, coorsercrByomux A = 0 Her.

Nrak, Mbl nMeeM OECKOHEYHOE MHOXKECTBO HETPUBHAJIHHBIX PEIICHUI

{ A >0 — pemenns ypasuenns VA = hetg(VA1),

X, (z) = hsin (VA, ) + V\ - cos (VAz), neN (8.2)

sajaan (9.1).
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9. III pona caeBa — III posa cnpaBa.

Pemure 3amaay Typma-J/Inysums ¢ kpaesbimu yesosusamu 111-ro posa:

X"(z) + A\X(z) =0, (9.1)
X'(0) — HX(0) = X'(I) + hX(l) = 0, H.h>0. ’
Ob6miee perrerne ypasaernst X' (x) + AX(z) = 0 umeer Buj
X(z) = e sin(VA ) + ¢ cos(V A z) npu A > 0;
X(x) = 1V AT o pem VAT npu A < 0;
X(z) =1z +co upu A = 0;
e [Ipu A > 0 mvmeem
X'(z) = sV A cos(VA ) — eV Asin(VA z)
U u3 kpaesoro yciosusg X'(0) — HX(0) = 0 caexyer, 9ro
\/Xcl—HCQZO = \/X:H?
1
C mpyroii ctoponsl, u3 Broporo kpaesoro yciaosust X' (1) + hX (1) = 0 mosyaaem, ato
VA <01 cos(VAI) — ¢ sin(ﬁl)) +h (01 sin(VAL) + ¢ cos(\/Xl)) =0 =
¢ <\/Xcos(\/Xl) + hsin(ﬁl)) + ¢ (—\/Xsin(\/Xx) + hcos(ﬁx)) =0 =
ca VAcos(VAL) + hsin(v/A 1)
a1 VAsin(vVAz) — heos(vVAzx)
U3 aByx mocsieTHIX PABEHCTB MOJTyYaeM:
VA Petg(VAl) +1
H ¥ — ctg(VAD) 7
OTKY/I&
A A A A A h
ctg(\/Xl)~ \/—_—i-\/—_ = _ 1:£ £__ '
H h Hh h \ H /)
Nraxk,
A A h Hh
h \H VX] VXH+h)
U, HAKOHEII,
H (VX &
tg(VA) = —— | ———= | . 2

ﬂpyI‘I/IM CII0COOOM YpaBHeHue J1Jid HaXO02KICHUA A MOXKHO II0JIy4UTb U3

¢ VAcos(VAD) + hsin(vVAI) g <a N \/Xl) ’

a VAsin(VAz) — heos(vVAz)
rjie
VA
A+ h?

« = arcsin

8
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Torza, Benomuus, 4ro VA = H z—i, TIOJTY UM

A
VA= —Htg (a + \/Xl) : « = arcsin /\\—i_hQ' (9.3)

Kaxnoe 3 ypasuenuit (9.2) u (9.3), Kak Jierko yBujerb u3 rpaduka, uMeer GECKOHETHO
MHOI'O IIOJIO?KUTEJILHBIX pertenuii A, n € N.

Takum 06pa3oM, CyIIEeCTBYeT OECKOHEYHOE MHOYKECTBO COOCTBEHHBIX unces 3agadn [Itypma—
JImyBusis:

H+h\ H /)
WM cooTBeTCTBYEeT OECKOHEYHOE MHOXKECTBO COOCTBEHHBIX (DYHKITHIL:

Xn(x):Hsin<\/Ex>—|—\/X-COS<\/)\_”$>, n € N.

o [Ipu A\ < 0 3amava [Mrypma—/IuyBuiisg HEKOTIa HE UMEET HETPUBHAJILHBIX PEITEHMUIA.

H A h
A >0 — pemenns ypaBHeHHsI ctg(VAl) = —— <\/_ ) : n € N.

e IIpu A = 0 mmeem u3 kpaesoro yciosus X'(0) — HX(0) = 0, ato ¢; — Hep = 0, =
X(x) = co(Hzx + 1), u Bropoe kpaesoe ycioue X'(I) + hX(l) = 0 maér rpebGoBanue
co(H + hHI + h) = 0. Orciona ¢g = ¢; = 0 (nmockosibky H, h,l > 0 mo ycsiosuio 3ajaun),
Uy JaHHOI 3a/[a91 HEeTPUBUAIBHBIX PEICHU, COOTBETCTBYIONMX A = 0 HeT.

Nrak, Mbl nMeeM OECKOHEYHOE MHOXKECTBO HETPUBHUAJIBHDBIX PEITCHH

A >0 — pemenns ypapuenns ctg(v1) = HLHL (%X — \%) (9.4)
Xo(z) = Hsin (VA ) + VA -cos (VA 2), neN ‘

sazaan (9.1).

10. Pazioxkenue pyHkiuii B psajg @Pypbe 110 cobcTBeHHBIM (PyHK-
musaM 3aga4 [HItypma — JInysunasa

Teopema 10.1 (B.A. Creknos).

Yea. {Xp}2, - opmozonanvras cucmema cobcmeennur  dynryui  3adavwu  Imypma—
JTuysuinsa.

Yme. Vf(x)€ C*a,b], ydosaremeopaoweti xpaesvim yeaosuam, — I{cxp ), :

F =3 aXu(a).
k=1

npuwém nocaednutl pad crodumcs x f(x) abcomommno u pasnomepno na [a,b], a das cx

8ePHO NpedcmasaeHue
b

cp = (f7 Xk) _ {f<x)Xk($)dx
2 b

a
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Joxazameavcmeo. BbiBesiem (hopMyity Jijist BBIYUCIEHUS C.
B cuny obmux cpoiicts psizioB Pyphe, nx (Kak CXOIANMECS PABHOMEPHO Ha JIIOOOM OTpe3Ke, Ije

HET TOYeK paspbiBa f(x)) MOXKHO MHTErPUPOBATH IIOUWIEHHO. [109TOMY, B CHJIy OPTOrOHAJILHOCTH
cucrembl {Xy} B Lo[0, []:

0 upu  k # n;

l
Xk, Xan) o0, = /Xk(x)Xn(x)dx = { 11X |2, mpu k= n. (10.1)
0

(o]

[Ipenosioxkum, aro psax » . ¢ Xy(x) aeiicrBuresnbho cxomuresa Ha [0, ] ¥ dyskmun f(x), To ecTb
k=1

BEPHO PABEHCTBO:

f= ZCka(LE), x €0, 1.
k=1

JIOMHOKHMM 5TO paBeHCTBO Ha X, B CMbICJIe CKAJSIPHOTO TpousBejierns B Ls[0, (], To ecTh
® JIOMHOXKHM €ro Ha X, #
e upounrerpupyem 1o [0, [].

B cuy (10.1), mosmyanm
(f, Xn) = ch Xy Xn) = 0 (X, X5) = e[| X%
k=1

OTcioma cpa3y nosydaercs JoKasbiBaeMas (opmysia

* X

]

B cuy jganHOll Teopembl, HAM JOCTATOMHO OJUH pa3 Bbraucauth || Xyl mist xaxoit 3amaqn
[IITypma-JInyBuis, 9To0bl 3HATH B KOI(DPUIMEHTOB PA3I0KEHH Cj;.

11. Koaddbuimenrsr paziaoxkenusas HyHKNuii B pag Pypbe 1o
cobcTBeHHbIM (pyHKIUaM 3aaa4 IlItypma — JInyBuansa

11.1. I1

l

I
1X,]|* = [ sin? L dx = 1 1 — cos 2mhit dr =
l 2 l

0 0

-10-
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11.2. I-1I

l

1Xl? = / sin2< 2 e )

0

l\')IH

(v (22

1 V l T2k —Da\ [ | 1
2| m@k—D ™" I o] 2
=0
11.3. 111
I I
HXkH2=/sin da:'—%/ 1—cos x))dx:
0 0
1 l 1 . =l
=3 (x()_»QVfX; &n.(ZV/X;aJ mo) =
B - 1 QSin(\//\_k 1) cos(v/Ax l)) 1 ( cos? (v g l)) _
"[V/__" gl V/__l} 2 ( 2h tg (v 1) =3 Ut -
ooz g— 1 __ \/A_k] _L L
_{cosﬁ Ry tg(v/ A 1) = 5 <l+h(1+;\l—’§)>_
_1 h LN+ R
2\ T 2
11.4. 111

l

ot = oot (1Y 4, ] /( ESSIE P

0

o[ T R -1
11.5. II-1I
! y ! .
HXkH2 = /COS2 (H) dr = 1/ <1 + cos (27T x)) dr =

l 2 [

0 0
1 !
=5 |l

“11-
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11.6. II-11I

l

l
1
HXkHZ—/COSQ( dm_ﬁ/ 1—|—Cos ))dx:
0

0
— % <l+ 2—\/)\_ksin (2\/)\_ka:>

OTKY/la, IIOJIb3yACh TOXKJIEeCTBaMU COS2 a =

=\ 1 sin (2v/Ar )
)t e

m, sin 2ac = 2'sin a cos ov, Oy daeM:

PO [ b SO

2\/ )\k tg(\/ )\k l) h
sin? (\/)\k l) 1 — cos? (\/)\k l) 1
=l e e = eota = | =
1—+ Ak
1+tg (\/7 ]- SN Th2
1 TR [ () ]
h h
s h? _l(/\k+h2)+h
O h(M\e+h2) A+ hR2

B wurore mis kosdpdurmentor «,, = A,, mogydIaemM paBeHCTBO:

[\ +h2) +h

1
Xil? == -
IXll” = 3 YT

11.7. III-1

l

HXk||2 = / <h sin (\/)\_k 93) + /i, cos (\/)\_k 23>>2d:v = {a = arccos h++/\} =
k

0
l

l
h% + )\
h2+)\k /sm kx+a)d:v: + k/(l—cos(Z )\k.x+204>)dx:

2
=l
at0>

0 0
R4 N (l _sin(2y/Ag 1) cos 2a + cos(2y/Ag 1) sin 2a0 — sin 2a>

h2 + )\k ( ‘
. — sin AL T+ 2a>
s
2 2v/ A\

sin(2v/Ag, 1) cos 2a cos(2v/ Ak 1) sin 2a

[Ipeobpaszyem BbIparkeHUs N " 5 W

sin(2v/Ay, 1) cos 200 [\/—k e/ D ] 2sin (v 1) cos(v/Ax 1) cos(2a) —
o —2htg (\/_ )
1 9 B 20 1 L 1 1 B
= — 5 cos (V Ak 1) cos(2a) = [cos g = T2 +tg2ﬁ} =R Ts X, cos(2a) =
= cosZoz—cosgoz—sinQOz—hQ_)\k = h -h2_)\k
N N CORZEN| O R2H N REHN

-12-
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cos(2v/ A 1) sin 2« B ) _ 2 1—-tg?f8]
m —[00525—2008 B 1_1+tg26 1_1+tg2ﬁ =

1—tg2 (Ve 1) sin2a A h? — \; sin2«
- 2( k) :[tg(\/)\kl)z—\/_k}: 2 2 -
L+tg2 (VA ) 2V h R+ A 2V
B [sinQa _ 2sinacosa  h } _h h? — X\,
2V 2V RPN A2 RZ4N

Takum obpaszom,

X ”2_h2+)\k. ;) — sin 2« _h2—|—)\k. l h _l(h2+)\k)+h
T W ) 2 R+) 2 '
11.8. IIT-II

l

Pl = [ (nsin (VA1) +vAceos (vVAr) ) e = [ = areeos | =

0
l

1
2
h2—|—)\k /sm km—l—a) _h +>\k/ 1—cos k:L‘—I—Qa))dx:
0

0
=l
( ‘ —2\/_ sm( )\ka:+2a> x:0>:

RN | _ sin(2v/ A 1) cos 2a + cos(2v/Ag 1) sin 20 — sin 2
2 2/ Ak '

h2+>\k

sin(2v/Ag, 1) cos 2 cos(2y/Ag 1) sin2a |
[Ipeobpaszyem BbIparkeHUS om u N :

sin(2v/Ay 1) cos 20 2sin(v/A 1) cos(v/ g, 1) B
ST = [\/_k = hctg \/_l] Shetg (Ve 1) cos(2a) =

1 1 1
= —sm (Vg 1) cos(2a) [sin 8= m] =5 % cos(2a) =

— Ak
h2+>\k] h2+Ak h2+Ak'

= [cos 200 = cos’ v — sin*a =

- o
cos(2v/ A 1) sin 2« _leos28=1_2sin?a=1 — 2 R 1 ctg2ﬁ _
2/ Ak 1+ ctg= 1+ ctg® 8

1 —ctg? (VA1) sin?2 2 _ in2
B Cg(\/_k)‘SHl a:[ctg(\/A_kl):\/)\_k]:—h )\k'sma:
1+ctg (VA1) 2/ A 2+ A 2/
B [sin2a _ 2sinacosa  h } . h h? — M\
WA 2N R2EMN] R2AEN RN

Taxum obpasom,

2 e 2 2
||Xk||2=h —{—)\k_(l_ Sln2a):h +>\k-(l—|— h >:l(h +)\k)+h'

2 2v/ Ak 2 h? 4+ A\ 2

-13-
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11.9. III-111

l

1Xel|* = / <H sin <\/>\_k m) + /A cos <\/)\—k x))zdx = {oz = arccos

0

H
m}_

l

I
H2—|—)\k /s kx—i—a) / 1—cos kx+2a>>dm=
0 0
H? + ) l =
= ;’ k.(gpo m sm( )\ka:+2a>x:0>—
:EY (l B sin(2v/ A 1) cos 2a + cos(2v/Ag 1) sin 20 — sin 2
-2 2v/ Ak '
[IpeoGpasyem BbIpazKeHHs Sin(Q\/;‘T’;%COS%‘ u COS(Q%“H%‘:
sin(2y/ g 1) cos 2a _ [ctg (Vo D) = 1 = Hh] _
2V Ak H+h
H+h  2sin(y/Ag 1) cos(v/ A 1) H+h
et . 2 = 2
T 2tg (Vv 1) cos(2a) = Nk -cos?(v/ A 1) - cos(2ar)
1 ctg® 3
2 a _ _
N {COS g 1+tg2p3 1+ctg25]
_ H+h (N, —HR) 1 (20) =
TN —Hh 20 Guomn? ST
k Mo (H+ D) 14 k(H—‘rh)2

2 . 2
= {cos2azcosQOz—sin2a = a )\k] = 3 ((H+h) ()\k Hh) .H A

H? + A w(H+h) + (\ — Hh)® H2+ X

cos(2v/ A 1) sin 2a
2V Ak

2 1 — ctg?
= [0082521—2sin26:1_ _ ctg 5} _

1+ctg23  1+ctg?p
:_1—ctg2(\/)\_kl)‘sin2a_{Ctg\/—l A, — Hh }:
1+ctg? (VA l) 2/ VA (H + h)
Ao (H4+h)? — (M — Hh)® sin2a
M (HER)+ (O — HRY? 2/,
_ [sin2«  2sinacosa  H B A (H +h)? — (e — Hh)? H
B {zm 2V H2+)\J M (H AR O - HR)? OHE N

_14-
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[TosTomy

sin(2v/Ay, 1) cos 20 + cos(2v/ A 1) sin2a — sin2a
2v/ Ak
_ (H+h)(\,— Hh) H> =)\,  M(H+R?>—0ON.—Hh?* H H
M (H R+ (e — HR? HP+ M N (H+ R+ (N — Hh? HP+ N H2H N
(H +h) (A — Hh) (H? = \o) — H (A (H + h)? = (A — HR)?) — H (A (H + h)* + (A — Hh)?)
(A (H + 1)* + (A, — Hh)?) (H2 + \y)

(H +h) (A, — HR) (H? = \,) — 2HN, (H+h)?

O (H+ 0+ (O — HR)) (H2 + )

(. S/
-~

=(H24+) (h2+ )

(H+h) (—A§+>\kH(H+h) — H?h — 2H )\ (H+h)>

(H2 + M\)2 (h2 + M)

—~(H +h) (Az + AeH (H + 1) + H?’h) (H -+ h) O+ HB) (e + H?).

(H? 4 Xp)? (B2 + Ay B (H? 4+ M) (B2 + Ay

Hawubostee mpoctoii Buj1 5T0 BhIpazkenue npuanMaer npu H = h. B stom ciaydae (oH BeTpedaercs B

Ne 653, 658, 693)

sin(2v/Ay, 1) cos 2 + cos(2v/ A, [) sin2a —sin2a 2h
2V e RZ4N

Urak, B obmem ciaydae (npu H # h)

LCH? 4 0% (02 4 M) + (H 4 h) v+ Hh) (v + B?)

Xl =

A B ciyqae H = h

(R® + X\g) + 2h

l
IXel? = =

-15-
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12. Tabauia cobcTBeHHBIX dnces n pyukimii 3aga49 LLItypma —
JImyBning ¢ pa3imdHBIMA KPaeBbIMI YCJIOBUSIMI

Kp. yca. CobcrBennblie uncia u GpyHKIUN
1-1 Ao =T2 X, (z) =sin (™), neN
I-1I Ap = <ﬂ2g—l_1)>2, X, (x) = sin <7r(2”21_1)$> , neN
10 { An >0 — pemtenns ypauenus VA = —htg(v/Al),
X,(z) =sin (VA,z), neN
Im-1 e = (W(Qgp—l))2’ X (z) = cos (ﬂ%p_l)x) , keN

M-I | A=0 Xo(z)=1 A = ()", X,(z)=cos(Z2), neN

0101 An >0 — pemenns ypaBaerust v\, tg(v/A,l) = h,
Xn(z) =cos (VA,z), neN
-1 A >0 — pemenns ypasuerns VA = —htg(vA1),
Xn(z) = hsin (\//\nx) + v\ - cos (\/)\n x) , neN
- 11 A >0 — pemenns ypasuenns VA = hctg(vVAl),
Xn(z) = hsin (\/)\n IL‘) + v\ - cos (\/)\n a:) , neN
An >0 — pemtenns ypasmenns ctg(vAl) = HLM (% — %)
IIT - TI1

X,(z) = Hsin (v A, ) + VA cos (VA z), neN

-16-
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13. Tabauma HOpM cobcTBeHHBIX (pyHKImil 3agad IHItypma —
JImyBning ¢ pa3imdHBIMA KPaeBbIMI YCJIOBUSIMI

Kp. yca. ||Xk||2
[-1 IXxl* = §
111 1Xk? =1
_ 2 U(h%+X)+h
I-1II IXkll” = gy
-1 Xl = 4
1 Xl = 4
U Ap+h2)+h
T - 11 1312 = & - L)
T - 1 X, |2 = LA+
I - 11 X2 = () n
X o U(H2A) (24N )+ (HAR) A+ HR) (A +H2)
e X = 2(H24X) (B2 Ag)
2
B ciaydae H = h X || = w

17-
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